Abstract. An asymptotic-induced scheme for kinetic semiconductor equations with the di usion scaling is developed. The scheme is based on the asymptotic analysis of the kinetic semiconductor equation. It works uniformly for all ranges of mean free paths. The velocity discretization is done using quadrature points equivalent to a moment expansion method. Numerical results for di erent physical situations are presented.
1. Introduction. Kinetic semiconductor equations are used to describe highly integrated semiconductor devices. The situation for small mean free paths is described by an asymptotic analysis. The limit equation for small mean free path of the kinetic equation with the di usion scaling is the drift-di usion equation.
In the drift-di usion limit a very ne and expensive discretization depending on the mean free path has to be used for standard nite di erence or particle methods due to the sti ness of the equations. This makes these schemes extremely time consuming. One way to handle the problem are domain decomposition techniques, see, e.g., 14, 16] for the semiconductor case. The basic idea is to use the computationally much cheaper limit equation where-and whenever it gives a good approximation. In all other cases the kinetic equation is used. In this approach kinetic semiconductor and macroscopic equations are solved simultaneously on di erent subdomains of the computational domain. A second approach is to develop directly numerical schemes for the kinetic equation working uniformly for di erent regimes. In particular, it should be possible to choose the discretization size independent of the mean free path. Coarse discretizations should yield a good approximation, if a near equilibrium situation prevails and the true solution is only varying slowly.
The domain decomposition approach has the advantage that well known and tested codes can be used. However, work has to be spent on the coupling procedure. In the second approach the same method can be used in the whole computational domain with possibly di erent sizes for the discretization. In this paper we will consider the second approach.
In recent years there has been a lot of work on numerical methods for kinetic equations in sti regimes. For example, stationary transport equations in the di usion limit have been considered in 10, 18, 17, 20] . Nonstationary kinetic equations with a scaling leading to rst order hydrodynamic equations and hyperbolic conservation laws with sti relaxation terms are treated in 4, 5, 11] . General methods, the so called relaxation type schemes have been published in 13] . A di usive relaxation scheme for discrete velocity models has been obtained in 12] . In the semiconductor case a moment method coupled with a semiimplicit discretization can be found in 25] .
The present work considers an extension of a scheme for transport equations, see 15] , which is suitable for the calculation of situations with small mean free path. The FB Mathematik, University of Kaiserslautern, 67663 Kaiserslautern, Germany, (klar@mathematik.uni-kl.de). 1 di erent space time scalings involved in the problem are treated in a way proposed in 15] by using a fractional step method and a semiimplicit discretization. The time discretization can be choosen in this way independent of the mean free path. Here new problems arise due to the presence of the electric eld. The main problem is to include it into the approach and to obtain a suitable discretization of the limit equation. Moreover, a new velocity discretization is introduced: Usually moment methods are widely used for semiconductor simulations, see 6, 9, 22, 24, 25] . We propose in this paper a scheme which is not directly based on a moment method. Instead we use a velocity discretization based on a quadrature method which is essentially equivalent to a moment method. In particular, the consideration of boundary conditions is more straightforward for this approach. Including the results of a boundary layer analysis in the scheme, kinetic boundary layers are also treated in a correct way. This allows to use coarse spatial grids even in the presence of boundary layers. Section 2 contains a description of the results of the standard asymptotic procedure. Sections 3 and 4 contain the details of the velocity and time discretization. In Section 5 the drift-di usion limit of the scheme is considered. In Section 6 the space discretization is presented. Section 7 contains numerical results for several examples.
2. The Equations. We consider a domain in R 3 and the lyinear semiconductor Boltzmann equation with parabolic band approximation @ t f + 1 (v r x f + r x r v f) + 1 2 Q(f) = G; (2.1) where f = f(x; v; t) is the distribution function, x 2 ; v 2 R 3 , t 0 and is the mean free path. (x; t) denotes the electric potential, for i 2 f1; 2; 3g. Since by assumption s is rotationally invariant, it follows that 8i; j 2 f1; 2; 3g:
In the small mean free path limit f(x; v; t) is approximated by (x; t)M(v), where (x; t) ful lls the drift-di usion equation We mention that the following scheme can be adapted to other situations, like semiconductor Boltzmann equations, where the -distributions in energy appearing in the usual semiconductor scattering cross section are integrated out using the total energy as a new variable, see, e.g., 6, 9, 22] . In this case an integration over the unit sphere in R 3 instead of the whole space R 3 has to be considered. the velocity space R 3 is done using a quadrature method based on Hermite polynomials. The quadrature method is essentially equivalent to a moment method for the semiconductor equation. The same approach substituting the expansion in Hermite polynomials by an expansion in Legendre polynomials can be done for the above mentioned kinetic semiconductor equation with an integration over the unit sphere. This is a well known way of proceeding in transport theory, see 19] . For semiconductor equations usually the moment equations are treated directly, see 25] for an approach treating the moment system associated to equation (2.1) numerically and an investigation of the convergence of moment methods.
It is assumed that the distribution function can be expanded in Hermite polynomials: In terms of the distribution function f we have
The matrices c n i;j ; n = 1; 2; 3 and s i;j are computed in advance using the recursion properties of the Hermite polynomials. 4 . Time Discretization. In this section we develop a time discretization that is able to treat varying mean free paths with a xed discretization. It is not necessary to adapt the time step once the mean free path tends to 0. Moreover, the scheme is in the limit ! 0 a good discretization of the drift di usion equation.
We proceed similiar as in 15] and use the asymptotic procedure and a fractional step scheme with a semiimplicit discretization. The aim of the procedure is to treat exactly those terms for which it is necessary in an implicit way. One writes f as f = f 0 + f 1 and collects suitable terms together, such that only terms on the scale q(x; v; t) =~ x (?1; v; t); x 2 @ ; v n > 0:
The simplest approximation of x (?1; v; t) is given by equalizing the half range uxes of the halfspace problem at 0 and 1: The system of equations (4.1) will be solved with a fractional step scheme:
Step 1:
Step 2:
Step 1 an explicit discretization will be used, Step 2 is discretized semi-implicitely to treat the sti ness of the equations in a correct way.
Let t denote the time step and f k 0 ; f k 1 ; k = 0; ; n = t t the approximations of f 0 (x; v; k t); f 1 (x; v; k t). The initial and boundary values are given as above. The time discretization is then given by the following:
Step 1: f k+ 1 Using these estimates we get that the scheme reduces in the di usion limit, tending to 0, to the following This is an explicit time discretization for the drift-di usion equation. The boundary conditions for the drift-di usion equation that are given in the limit by the solution of the halfspace problem (2.4) t to the boundary conditions for the kinetic scheme as de ned in the last section.
6. Space Discretization. We restrict from now on for notational simplicity to the case, where f 0 and f 1 depend only on the rst space coordinate: The domain under consideration is 0; L].
We de ne a staggered grid x i = i x; i = 0; ; N with N = L x , and x i? 1 2 = (i ? 1 2 ) x; i = 0; ; N + 1.
We use the notation In the limit for small we obtain the space discretized di usion equation B(x) = x e x ? 1 instead of B. This is an explicit Scharfetter-Gummel type discretization, see 21], of the drift di usion equation. In particular, we obtain independent of the size of the discretization x a good discretization of the limit equation for all ranges of the mean free path. We observe, that, assumingG = 0, we need in the limit a relation like 7. Numerical Results and Examples. In this section a numerical study of the scheme is presented. We restrict to slab geometry, i.e. x 2 0; L]; L = 1 and consider MK = P; = 1, i.e. a relaxation time approximation. The solutions are computed with the semi-implicit scheme derived above for di erent space and velocity discretizations.
The velocity discretization is done using Hermite discretization points as explained in section 3. For comparison a uniform velocity discretization is implemented as well, see Figure 7 .1 and 7.2.
To obtain positivity and stability of the semi-implicit scheme in the limit tending to 0 one has to take -for a xed space discretization x -a time step t of the size given by (6.3). In particular, this means that the size of t can be chosen independent of . In general, the CPU time needed for one time step for the semiimplicit scheme is about two times as large as the CPU time needed for one time step of a straightforward explicit discretization of (2.1). Since the time step for the explicit discretization has to be chosen of the order 2 this yields a considerable gain of computation time in situations with small mean free path compared to the fully explicit discretization. For small the relation of the CPU time for the semiimplicit and the fully explicit discretization is in the present case approximately given by 2 2 : ( x) 2 2 1 B(? xE max ) ; (7.1) if the desired accuracy does not require a smaller time step than the one that can be used for the semiimplicit scheme. This means, that -at least for not too large x and E max -one obtains an advantage in CPU time if the number of mean free paths per cell is larger than approximately 2. For a detailed comparison of the scheme for transport equations with explicit and fully implicit schemes see 15] . In particular, the size of the time step to achieve a certain accuracy has been determined there for di erent situations and the CPU time has been compared in more detail. The solution of the kinetic equation computed by the scheme derived above is in the following computed for di erent physical situations. The gures show thatin case the physical situation allows coarse discretizations -the scheme gives a good resolution of the true solution, if such discretizations are used. In particular, in the presence of boundary layers coarse discretization not resolving the layer may be used without loosing accuracy in the bulk of the domain.
Example 1: In this example the electric potential is choosen to be 0 except in a potential well located in the left half of the slab. The maximal electric eld is rived by the moment expansion method. 8 or 16 quadrature points already yield a reasonable approximation. In this example no CPU time is gained compared to the explicit scheme due to the large Knudsen numbers. In Figure 7 .3 the situation in Example 2 is considered with = 0:001. For the space discretization we use x = 0:01, i.e. we have 10 mean free paths per cell. Here one observes that a lower degree of expansion into Hermite polynomials is su cient to obtain good accuracy, at least outside of the kinetic layer. A discretization with only 4 quadrature points leads already to good results outside the kinetic layer. We plot the reference solution and the solution of the drift-di usion equation with boundary coe cients derived from the halfspace problem. The boundary values for the semiimplicit scheme are found by determining approximately the outgoing distribution of the halfspace problem (2.4) using (4.5,4.6). In this example the explicit scheme with the same space discretizatioin needs about 25 times more CPU time than the present scheme. Moreover, the present scheme is as accurate as the explicit one. Example 3 is used to study the in uence of the space discretization. is again 0:001. The number of velocity points that is used is 16. Since the electric eld and the initial distribution are uniform in the whole domain a ne space discretization is not necessary. We use only 10 spatial cells in the whole domain. The boundary values for the semiimplicit scheme are found by determining approximately the outgoing distribution of the halfspace problem (2.4) using the two methods described in section 3, i.e. (4.3,4.4) and (4.5,4.6). The results are denoted in Figure 7 .4 by 'semi-implicit10-1' and 'semi-implicit10-2', respectively. One observes in Figure 7 .4 that even for a coarse di usive discretization (100 mean free paths per cell) the solution is found with very good accuracy despite the fact that the kinetic boundary layer is not resolved. Moreover, one observes that the accuracy is improved using formula (4.6). We mention that other approaches to obtain the correct discrete boundary conditions using coarse space discretizations for stationary transport equations can be found in 10, 17] . The scheme developed here is in this example about 250 times faster as the explicit scheme with the same space discretization. 8 . Conclusions. The scheme presented in this work has the following properties:
A natural velocity discretization is given by a Hermite quadrature corresponding to a moment expansion into Hermite polynomials. The semiimplicit time discretization allows to take a xed time step independent of the order of the mean free path. The limiting scheme for small mean free paths is an explicit ScharfetterGummel type discretization of the drift di usion equation. Boundary layers are included in the scheme by solving approximately a half space problem. The scheme allows to take coarse velocity, time and space discretizations, if the physical situations is allowing them. This means it is suitable for the computation of limit situations.
